Let K be a field, and let A and B be connected N-graded Kalgebras. The algebra A is said to be a graded right-free extension of B provided there is a surjective graded algebra morphism π : A → B such that ker π is free as a right A-module. Suppose that B is graded left coherent, and that A is a graded right-free extension of B. We characterize when A is also graded left coherent. We apply our criterion to prove graded coherence of certain non-Noetherian graded twisted tensor products.
Introduction
A graded associative algebra is graded left coherent if every finitely generated graded left ideal is finitely presented. It is easy to prove that every graded left Noetherian algebra is graded left coherent. In some approaches to the subject of noncommutative projective algebraic geometry, for example Artin-Zhang [1] , graded Noetherian algebras take a prominent role. However, many naturally occurring graded algebras, while being non-Noetherian, happen to be graded coherent. Moreover, as we now explain, the projective geometry of graded coherent algebras can be studied in a manner similar to the theory developed in Verevkin [12] , and Artin-Zhang [1] , for example.
Let K be a field. Suppose A is a connected N-graded K-algebra that is finitely generated in degree 1. Let Fin-Pres(A) denote the category of graded finitely presented left A-modules. In general, Fin-Pres(A) is not an abelian category, and so Fin-Pres(A) is not amenable to study via standard homological algebra. However, if A is graded left coherent, then Fin-Pres(A) is an abelian category. Let is also an abelian category. Then, guided by Serre's theorem on the equivalence of categories of coherent sheaves on projective schemes and certain module categories, one considers qgr(A) as a suitable replacement for the category of coherent sheaves on the nonexistent projective scheme associated to A. We refer to the papers of Verevkin [12] , Artin-Zhang [1] , and Polishchuk [10] for more details and background.
Given a graded K-algebra A, it can be a challenging problem to determine if A is graded coherent. Recently, in joint work with Conner, [3] , we classified the quadratic twisted tensor products of K[x, y] and K [z] . Additionally, we characterized the algebras in this class that are graded left Noetherian. It is then a natural problem to determine which of the quadratic twisted tensor products of K[x, y] and K[z] are graded left (or right) coherent. Using a theorem of Piontkovskii, see Theorem 1.2 below, we have checked that many of the non-Noetherian algebras are indeed graded coherent. However, there are algebras in this class where it is not clear if the hypotheses of Theorem 1.2 hold. Thus we were motivated to extend Piontkovskii's result. Now we state and discuss our main results. The following definition is fundamental for us. Definition 1.1. Let A and B be graded algebras. We say that A is a graded right-free extension of B if there is a short exact sequence
where π : A → B is a graded algebra morphism, and I = ker π is a free right A-module. We also say that A is a graded right-free extension of B by the ideal I, in this situation.
We defer all statements of other definitions to Section 2. Piontkovskii [9] has proven the following useful theorem for checking graded coherence. For example, He-Oystaeyen-Zhang [6] have used Theorem 1.2 to prove graded coherence of certain Ore extensions of 2-Calabi-Yau algebras. Theorem 1.2 ([9], Proposition 3.2). Let A and B be graded algebras. Suppose that A is a graded right-free extension of B. If B is graded left Noetherian, then A is graded left coherent.
One of the motivations for this work was to see if one could relax the condition in Theorem 1.2 that B is graded left Noetherian to the condition: B is graded left coherent. Unfortunately, without further assumptions, this is not the case. Our first main result is the following. Theorem 1.3. There are graded algebras A and B such that A is a graded rightfree extension of B, the algebra B is graded left coherent, and A is not graded left coherent.
On a positive note we prove, through analysis of a change of rings spectral sequence, the following criterion. Theorem 1.4. Let A and B be graded algebras such that B is graded left coherent. Suppose that A is a graded right-free extension of B by the ideal I. Then:
(1) if J is a finitely generated graded left ideal of A, then (I ∩ J)/(IJ) is a finitely generated left B-module; (2) A is graded left coherent if and only if for every finitely generated graded left ideal J of A the left B-module (I ∩ J)/(IJ) is finitely presented.
Although condition (2) of Theorem 1.4 is admittedly technical we prove the following result as an instance where it is automatically satisfied. Theorem 1.5. Let A and B be graded algebras such that B is graded left coherent. Suppose that A is a graded right-free extension of B by the ideal I; identify B with A/I. Furthermore, assume that there is a vector space decomposition B = C + D, where C is a graded left Noetherian subalgebra of B, and D is a graded left ideal of B with a finite homogeneous generating set
Here is the outline of the paper. In the preliminary Section 2 we gather together the relevant definitions and basic results on coherence. Section 3 contains the proofs of our main theorems: Theorem 3.2, Theorem 3.5, and Theorem 3.6. In Section 4 we show how Theorem 3.6 can be used to prove graded coherence of certain graded twisted tensor products. We conclude the paper with some questions.
Preliminaries
Let K be a field. A connected N-graded K-algebra is a unital, associative Kalgebra, A = ⊕ n≥0 A n such that A 0 = K and A is generated by finitely many homogeneous elements. This implies that A is locally finite, i.e., that dim K A n < ∞ for all n ≥ 0. In this paper, the term graded algebra will refer, exclusively, to a connected N-graded K-algebra. We will only consider left A-modules which are Z-graded, so the term graded A-module will refer to a left A-module M = ⊕ n∈Z M n such that A m M n ⊆ M m+n . Given d ∈ Z and a graded module M , we write M (d) for the module M with shifted grading: M (d) n = M d+n . We will write A n for the free A-module of rank n; we mainly work with finitely generated free modules, so usually n ∈ N. A distinguished role is played by the trivial A-module which is the A-module K = A/A + , where A + = ⊕ n>0 A n . Tensor products taken with respect to K are denoted by ⊗.
For a graded algebra A, a graded right A-module M and a graded left A-module N , we denote by Tor A n (M, N ) the value of the nth left derived functor of the functor M ⊗ A on the module N . Thus, to determine Tor A n (M, N ) one requires a projective resolution of N . As is well known, Tor A n (M, N ) can also be computed from a projective resolution of M . The space Tor A n (M, N ) inherits an internal grading coming from the usual grading on the tensor product:
2.1. Graded coherence. The following are the basic definitions we will need regarding the notion of coherence.
(1) M is finitely generated;
(2) the kernel of any graded morphism A n → M (not necessarily surjective) is finitely generated. Equivalently, M is graded coherent if M is finitely generated and every finitely generated graded submodule of M is finitely presented.
Clearly, every graded coherent module is finitely presented. Definition 2.2. Let A be a graded algebra. We say that A is graded left coherent if the left regular module, A A, is graded coherent.
It is easy to show that a graded algebra A is graded left coherent if and only if every finitely generated graded left ideal of A is finitely presented.
Next we state the basic results we will need about graded coherence. These results are certainly well known to experts, at least in the case of commutative, not necessarily graded, rings. A basic reference is Glaz' definitive text [5] . To help keep the paper self-contained, and for lack of a good reference in the case of connected graded K-algebras we give proofs of a few of the results. The Snake Lemma will be very useful.
2). Let A be a graded algebra. Consider a commutative diagram of graded A-modules of the form
If the rows are exact, then there is an exact sequence:
A nice consequence of the Snake Lemma is the next result.
Lemma 2.4 ([13], Exercise 3.2.5). Let A be a graded algebra; let M be a finitely presented graded A-module. Let F be a finitely generated graded A-module, and φ : F → M a graded surjective morphism. Then ker φ is finitely generated.
The next result is well known and a proof can easily be given from definitions so we omit a proof. Proposition 2.5. Every finitely generated graded submodule of a graded coherent module is graded coherent.
A fundamental fact that we use in Section 3 is the following well-known result. We include a proof for the sake of keeping this paper self-contained. Proposition 2.6. Let A be a graded algebra. Let M 1 , M 2 , M 3 be graded A-modules and suppose
is an exact sequence. If any two of M 1 , M 2 , M 3 are graded coherent, then so is the third.
Proof. Firstly, suppose that M 2 and M 3 are graded coherent. We have to show that M 1 is graded coherent. Since i is injective, it suffices to show that i(M 1 ) is graded coherent. Now i(M 1 ) is a submodule of M 2 , so, by Proposition 2.5, it will suffice to prove that i(M 1 ) is finitely generated. Since M 2 is finitely generated we may choose a surjection π : A a → M 2 . Notice that the composite map A a → M 3 is surjective; moreover, M 3 is coherent, hence M 3 is finitely presented. Therefore, by Lemma 2.4, we know that the kernel, K, of A a → M 3 is finitely generated. It is straightforward to check that π maps K onto i(M 1 ), so it follows that i(M 1 ) is finitely generated, as desired. Secondly, suppose that M 1 and M 3 are graded coherent. We must show that M 2 is graded coherent. By definition M 1 and M 3 are finitely generated, so it is easy to show that M 2 is finitely generated. Let g : A n → M 2 be any graded morphism. We must prove that ker g is finitely generated. Consider the commutative diagram
The rows are exact, so, by the Snake Lemma, there is an exact sequence:
Since M 3 is graded coherent we know, by definition, that ker (j • g) is finitely generated. Let N = im(ker (j • g) → M 1 ). Then N is finitely generated. Using the fact that M 1 is graded coherent, we know, by Proposition 2.5, that N is graded coherent. Now consider the exact sequence:
By the first paragraph of this proof we conclude that the kernel of the map
is finitely generated. From the exact sequence we know that ker g is isomorphic to this kernel, whence, ker g is finitely generated. We conclude that M 2 is graded coherent.
Thirdly, suppose that M 1 and M 2 are graded coherent. We must prove that M 3 is graded coherent. Since M 2 is finitely generated it is clear that M 3 is finitely generated. Let f : A n → M 3 be an arbitrary graded morphism. We need to show that ker f is finitely generated. Using the fact that A n is projective, construct a graded morphism g :
where the maps in the top row are the canonical ones. So the top row is exact. It is clear by inspection that the diagram commutes. Hence, by the Snake Lemma, we have an exact sequence ker ((i • π) ⊕ g) → ker f → (coker π = 0).
Since M 2 is graded coherent we know that ker ((ι • π) ⊕ g) is finitely generated. It follows that ker f is finitely generated, and therefore M 3 is graded coherent.
A careful reading of the first paragraph of the last proof shows that we have proved the following porism. We need this result in Section 3, so we separate it out here.
Lemma 2.7. Let A be a graded algebra. Suppose that
is an exact sequence of graded A-modules such that M 3 is graded coherent and M 2 is finitely generated. Then M 1 is finitely generated.
An easy consequence of Proposition 2.6 is the following.
Let us conclude this section by remarking that if A is a graded left coherent algebra, then the category of graded left coherent A-modules coincides with the category of graded finitely presented A-modules. Additionally, as follows immediately from Proposition 2.6, this category is an abelian category.
Main Theorems
In this section we will give proofs of our main results. One of the motivations of this paper was to see if one could relax a hypothesis in Piontkovskii's theorem, Theorem 1.2. Unfortunately, this is not the case, as we now explain. Consider the total order on the set of monomials in the free algebra K x, y, z determined by x < z < y and left-lexicographic order. With this order, in the terminology of [2] , there are no ambiguities to resolve. Hence, by [2] Theorem 1.2, C has a monomial basis consisting of all monomials not containing yz and xz. Denote this basis by B.
We claim that C is not graded left coherent. To see this, consider the left ideal of C generated by z. Observe that for any i ≥ 0 we have xy i z = xzy i = 0. Moreover, considering the basis B. makes it clear that the left annihilator ideal of z in C is generated by {xy i : i ≥ 0}, and that this ideal is not finitely generated as a left ideal of C. Hence C is not graded left coherent.
Next, it is easy to show that I = zC. We claim that I is free as a right C-module. To see this it suffices to show that the right annihilator ideal of z in C is the zero ideal. One easily checks that this is the case using the basis B. Lastly, it is also easy to check that as algebras C/I ∼ = K x, y . By Corollary 3.2 of [10] , K x, y is graded left coherent. Hence we have proved the following result. Throughout the rest of this section let us fix the following notation. Let A and B be graded K-algebras such that A is a graded right-free extension of B by the ideal I. There is no harm in identifying B with A/I, so let us do so. Furthermore, we assume that B is graded left coherent. Let J denote a finitely generated graded left ideal of A.
Our proof of Theorem 3.5 is based on an analysis of a certain spectral sequence, and we need some detailed homological information about two particular B-modules. Therefore we begin with two technical results. Proof. We begin by identifying Tor A 0 (B, A/J) = B ⊗ A (A/J) as left B-modules. For b ∈ B, a ∈ A we use the notation b.a for the right action of A on B. It is well known and easy to prove that there is a canonical isomorphism of left B-modules
We note for use below that B/(B.J) is a cyclic left B-module generated by 1 B +B.J.
Next, we claim that B.J is a finitely generated graded left ideal of B. It is obvious that B.J is a graded left ideal of B. To prove B.J is finitely generated as a B-module, let x 1 , . . . , x n be homogeneous generators of J as a left A-module.
Observe that
Hence Applying the functor B ⊗ A and taking homology yields the exact sequence
In particular,
is exact. Since J is finitely generated as a left A-module, it is easy to prove that B ⊗ A J is finitely generated as a left B-module, and therefore im(1 ⊗ i) is a finitely generated B-submodule of B ⊗ A A. By assumption B is graded left coherent, so B ⊗ A A ∼ = B is graded coherent as a left B-module. Hence, by Proposition 2.5, we know im(1 ⊗ i) is graded coherent. Thus, using Lemma 2.7, it follows that K is a finitely generated B-module, as desired. We are now prepared to prove our main result. Proof. Statement (1) follows immediately from Lemma 3.4. Let J be a finitely generated graded left ideal of A. Consider the first quadrant homology change-of-rings spectral sequence (see [13] Theorem 5.6.6 for example) E 2 p,q = Tor B p (K, Tor A q (B, A/J)) =⇒ Tor A * (K, A/J). First, assume that the left B-module (I ∩ J)/(IJ) is finitely presented. We must prove that J is finitely presented as a left A-module. Equivalently, we must show that dim K Tor A 2 (K, A/J) < ∞. Since I is a free right A-module,
is a graded free resolution of B as a right A-module. Therefore Tor A q (B, A/J) = 0 for all q ≥ 2. It follows from the spectral sequence that dim K Tor A 2 (K, A/J) ≤ dim K E 2 2,0 + dim K E 2 1,1 . Now, Lemma 3.3 implies that dim K E 2 2,0 < ∞. Lemma 3.4 and our assumption implies that dim K E 2 1,1 < ∞. Thus, dim K Tor A 2 (K, A/J) < ∞. We conclude that A is graded left coherent.
Finally, suppose that J is a finitely generated graded left ideal of A such that the left B-module (I ∩ J)/(IJ) is not finitely presented. We know, by statement (1) , that the left B-module (I ∩ J)/(IJ) is finitely generated. So there is an exact sequence of graded B-modules
where F 0 is a finitely generated free module, and F 1 is a non-finitely generated free module.
Recall that Tor A q (B, A/J) = 0 for all q ≥ 2, so one easily proves that, as graded K-vector spaces,
We claim that E 3 1,1 is infinite dimensional as a K-vector space. To see this, note that E 3 1,1 is the homology of
at the E 2 1,1 position. The exact sequence ( * ) and Lemma 3.4 shows that E 2 1,1 = Tor B 1 (K, Tor A 1 (B, A/J)) is infinite dimensional as a K-vector space. Furthermore, Lemma 3.3 implies, in particular, that E 2 3,0 = Tor B 3 (K, Tor A 0 (B, A/J)) is a finite-dimensional K-vector space. Hence, we see that E 3 1,1 is an infinitedimensional K-vector space. Therefore, Tor A 2 (K, A/J) is an infinite-dimensional K-vector space, and so J is not finitely presented as a left A-module. We conclude that A is not graded left coherent.
There are cases where the condition in statement (2) of Theorem 3.5 is automatically satisfied, as illustrated in our final main result. and let K = ker (⊕B(−d i ) → M ). We must prove that K is a finitely generated left B-module.
The assumption that z i I = 0 for all 1 ≤ i ≤ m ensures that z i M = 0, and so DM = 0. Let us consider M as a left C-module by restricting the action of B to its subalgebra C; denote this module by C M . We claim that C M is finitely generated. To see this note that
Cm i , as desired.
Next, consider the following surjection of graded left C-modules
and let L = ker (⊕C(−d i ) → M ). Since C is graded left Noetherian we know that L is finitely generated as a left C-module. Let {g k : 1 ≤ k ≤ l} be a set of homogeneous generators of C L. Let us also define
where z j is in the ith position. Let
We claim that K is generated as a left B-module by the set S. First, it is clear that S ⊂ K. Let K ′ denote the B-submodule of K generated by S.
Then we have
Therefore (c 1 , . . . , c n ) ∈ L and we may write (c 1 , . . . , c n ) = l k=1 e k g k for some e k ∈ C.
Now observe that
Hence we see that (b 1 , . . . , b n ) ∈ K ′ , and so K is finitely generated as a left B-module, as claimed.
We conclude that M is a finitely presented left B-module, and so, by Theorem 3.5 (2), A is graded left coherent.
Coherence of certain twisted tensor products
One of the motivations for this paper was to determine if certain twisted tensor products constructed in [3] are graded coherent. We briefly review the notion of a graded twisted tensor product. Let A and B be N-graded K-algebras. Let µ A : A ⊗ A → A and µ B : B ⊗ B → B denote the multiplication maps of A and B, respectively. Endow the K-linear tensor product A ⊗ B with an N-grading via
Let τ : B ⊗ A → A ⊗ B be an N-graded K-linear map. We say that τ is a twisting map if τ (1 ⊗ a) = a ⊗ 1 and τ (b ⊗ 1) = 1 ⊗ b for all a ∈ A and b ∈ B, and
Given a twisting map τ : B ⊗ A → A ⊗ B, the space A ⊗ B carries the structure of a unital associative algebra with multiplication given by µ τ :
. We refer to (A ⊗ B, µ τ ) as the twisted tensor product of A and B associated to τ . We also write A⊗ τ B for this algebra. For more details on graded twisted tensor products we refer the reader to [4] , for example. Theorem 3.6 enables us to prove the following result about certain graded twisted tensor products. associated to a graded twisting map τ :
Proof. We check that the criteria of Theorem 3.6 are satisfied. Let I = xA be the right ideal of A generated by x. The assumption that τ (z ⊗ x) = 0 makes it easy to see that I is a two-sided ideal of A. Moreover, the fact that A is a twisted tensor product of the form K[x, y] ⊗ τ K[z] ensures that I is a free right A-module. Let B = A/I. Then we have proved that A is a graded right-free extension of B by the ideal I.
Next, we note that it is easy to prove that B ∼ = K y, z / zy − αy 2 − βyz − γz 2 , for some α, β, γ ∈ K. Then, using [9] Theorem 1.2, we know that B is graded left coherent. Moreover, one easily checks that the conditions of [4] Theorem 3.7 are satisfied for the algebra B. Therefore
where σ :
is the graded twisting map determined by σ(z ⊗ y) = αy 2 ⊗ 1 + βy ⊗ z + 1 ⊗ γz 2 . Let C be the subalgebra of B generated by the element y + I. Let D denote the left ideal of B generated by the element z + I. Then the fact that B ∼ = K[y] ⊗ σ K[z] makes it clear that there is a K-vector space decomposition
Additionally, it is clear that C is isomorphic to the polynomial algebra K[y]. In particular, C is graded left Noetherian.
We conclude, by Theorem 3.6, that A is graded left coherent. We conclude this paper with some questions.
Question 4.3. In [8] Piontkovski has proved that monomial algebras are graded coherent. Can one prove this result using the criterion in Theorem 3.5?
It is well known that the analogue of the Hilbert basis theorem is false for coherent rings. Namely, Soublin [11] has constructed a coherent ring R such that the polynomial ring R[x] is not coherent. In contrast, recently Minamoto [7] has proved that if B is a coherent algebra, then the polynomial algebra B[x] is graded coherent, where the grading on B[x] is given by placing B in degree 0 and deg(x) = 1. An analogous result in the context of connected N-graded K-algebras would be interesting. 
